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We will shdy two basic protocols that une

entanglement as a ressance for communicating
1/

in for enction : "relepatation & "dense coding"

protocol.

First we start with a discussion of

entanglement . itself

Entanglement
-

We have here in mind a bipantile system

with Hitbal space Hor = PaHis ·

In such space there exist a dichotomic

dessification of state as "productstate"
C

and enauched state
.

"



②

Definition Product state are state that ca
-

be weitten in the fam

1473 = 147 * 1X7

for same 197-4A . Ixin + R

Definition Entangled staten au state mat
-

cannot be written in the fam of a

product as above

Example: Let Un = &2 , His = Kh

say to photons with polarization degue of

findom. In generat if 143e De

143 = 400 100) + 2 ,
101) + 40 110) +4 , 111)

in the computational (on basis) .
Recell

Kool" + Ko,l" + Kiok+ il = 1 .



③
The following ane product state :

100)
= lu)e(0)

10 1) = (0)e(2)

(10) = (1)e()

(22) = (1)x(1)

but also if 200 = 201 = 50= 1 =
we have :

↓ (100) + 101 + 110) + 1114)=

+
= ()(

product

On the other hand it is easy to show (exercice

new + (100) + 1013 + 110) - 1113) is not
2 -

dectstate , i - e * C
, B, 0 , 8 sit it can

be written (d10) + pl) ( (010) + (1) .



&
Indeed this would require

Cu = 1
,
(d = + 1

, 98 = 1 , pa = - 1

=> a By 25 = - 1 => contradiction
.

So the state isentangled.
-

-esting fam stake are the so called

Bell staten

1Ba) = = (100 + 1113)
130

,
7 = 1 (101 + 103)

13
107 = 5 (100) - (1)
(in) = = (101) - 1103) .



⑤

· They are athormal and form a
basis of

C* (2 (exacire check ! ).

· Macore they are en tangled Lexercise check!)
-

· See also"lationinvariant property" Tagez

cralizationto 3 pentia (say 3 partie on

3 platon pols (

Hot= Marie de

We see that the classification of state in

product I entangled is more complicated .
We

may say a state is
"

-ellyentangled" of it

cameot be written as

17/ + 1y>ely") (1)

1473 = 14 (2)

147c e 14 i 13

143 19hA [4)



&

If it can be factorized as in 111 it is

"Fully product" . If it can be factarized as in

(2) on 131 /3) and not as in 111 then it is

4

"partially en tangled

=ample of fully enbangted slake are :

·

1GHz) = + (000 + 1111)

1W > = 1 (00k + 1010) + 11003).

in De De C
.



&

~
~rotationinvariant property of Bell state.

let 103 = c0010 + sidle) a linear

polrization state
,
and 101) = sinclos - cad11)

the altogonal state.

It can be checked (exercise ( Hat Es

↓ (10) + (d) + (1) x (1)) = j (10010) + 15305)E

So
,
in fact, in the Bell state (Boo) the

too qubit (a photos) have ranaflet polerization

state but of the same time undeterminedo

can plately random
.

In particular of measured in a besis (10)
,
183)

in Alica Ab the outcome for Alice is prch (0)=t &

prob(51) = to Iden in Rob's lab . We will me

back tomis issue when we see the concept of density
marix .



⑤

.Telepatation .

--

Setting

A

*arminen e
B a the moon

dishihIBoo)

* & is share an entanglement "link"(Boo

[qubits 2 & b are entangled (

A has a stale 143 = <102 + 311 ->
2

Sto be lelepated to is
-

A & is also have a classical communication chammed
-

craibble
.



&
lof helspalation protocol :

"Telport" state 147 into Roh's qubits

to obtain 1433

· Initial state : 142 * 11323

· Find state : 1 ? (2014)s
T

we will see tat this is 10
in



⑯
~
Protocolsteps -Celepatation) :

1) A reforms an he two qubits (locally in

hen ab) a &besis measurement
.

the

penible outcomes are (Bodes /Bor Yin
> /BonEn

2) A sends to B vic the classical channel to

classical bits to indicate the outcome

00 01
,
20

,
11.

S

Imark : before receiving this classical message is

does not even know a measurement has happened).

3) o If is receive on he "applies" Ep be his

qubit (i . e don nothing in fact) and knews he

has state (4) = < 10)3 + P1173

· If is receive of he knows he has the state

plo)s +&127, and hous applica Xi bo recove ligis



⑪

· If is receive to he knows he has the

state 2103
g
- B127, and Mun applica Fis

Co recove 1433.

· if is receive 12 he knews he has the

state ploty-211], and mus opplia

X Zig a recor 147s ·

#



⑫

Analysisof protocol :

· Initial state li /Boo23
·
Measurement of Alice: Imagine she gets out

of the meas state /Bo 1 7
, 2

Lothen case ar similer and left to you to check).

So the state after the measurement is

proportional to :

/Br
2
[Boiliz * by 1472 & / Bookes -

-- ↑
Mees projector indicate is don nothing.
im A-Lab

We immediately see the state in A-Cab is

IBoiDiz (first Kath . Thus me just have

to compute

7 Boiliz &
s 142 lins = 1 %)



⑪

The computation is done by expanding

bra-ketsi

↓ (022a) + (2202))(2103 +pie))
52

②(1020) +12

= (d(2) + p(0=1)* (100) 12,2, 4)

= = (a(1 , ) + p(0)) .

In principle we shouldmamalize this state

which consists here in dividing out the 12.

In summary ofter the A-measurement the

global state is

IBo (212) + p(0)).



⑭
· Alice sands the message of to Robe

· Bah receive Or and applia Xy to his

quhit. Famally :

7
, 2

① X
>

1 Bab
,20 (d(1), + Plos)

u

A-dos

mothing

= (B). + Pleis)
193

(Reall : Xs = ( .. ) .

An "Not" gate peration).

⑬

Final state :
-
-

Alive on earth Bab a moch
&

8. 143
.

IBo in

Hono-



⑮

.Densecoding protocol.

Setting :

A on earth Ben moor

1
~antum chamel 2

-

7

&
Sauce
-
17

distributes1 Boo)

· A & B share an en tanglement link .

· A & is can communicate via a quantum channel
-

over which qubits are sent (e . g oplic Fiber
fre space can ... ') .

awatchwocasas
4 C

-tensecoding



⑯

Protocolsteps (dense coding )

· To send 00 A first perform In an her

inbit (i . emething) and auc her qubit

are quantum channel

Thus Rob receive /Boo]

· To send 02 A first performs XA a her

qubit and suc he subit aren quantum

channel .

Thus Bob receive (B01]

·
To fend 10 A first renferms [A a he

qubit and send her gu
hil are quantum

channel
.

Thus Bob receive 11
,0)

·
To send 11 A penfums LAXA a her pubt
and renc of to Bob · Thus he receive /Bes]



⑰
· After receiving the qubit of Alice , Bob

has a full Bell state :

11
..
3 a 1 B013 a /B .03 a lis>

He don a measurement in the Bell basis
A

-

Thus by the incasurement principle he

=>

stas inte

He then decode to get the classical message as

Meas output/Bos) +o 00

I Messa /Bol) - 0Mess a /B
,03 -> 10

Mess a libn3 to 11.

#



Do

Analysisof protocol :

Suppor Alice wants to sand (11) . Other case

am similar (exercise) :

She first don the mitary op locally in he tab :

ZeXy@Fz /Bookan
-m

Alice Bot dos

nothing

= X
, 101+z,

= (- (2010) + 102 + (1))

=- [B22

(Global pheer 71) is mot important har
-

Alive then such her
qu
bit to Bob one



⑲
the quantum channel . Thus Bob Let the

stah librisab

>
A- B

quantum channel

empty 8 1.. )
Land new

By the measurement principle for a Ball

besis Measurement :

->I+ 1B1] outputIB
,)

wilk rah = 1
impet Bob's Meas -

pres = 1 < Bi / B . L / = 1

~

imput
output

<BIB] / =1 B
..
13
..
> /2Remark I

-

-

= /Bio/Bibl 8



⑳

Finally Rob knows he get VB
,
)
,
so

he knows the intended classical message is

21
.

T



⑭

# .

Final Remarks
.

-
-

We discuss he two espects of

Bell states

· How to generale them (in theory (

· How to perform a Bell basis measurement

Cagain in theory 1.

-1Generation of Bell slates.

There can be generated from simple

unitary transfonctions acting on the

computational basis states
.

The two unitaria involved are

c I voH = (ii) a (
1 0 E 6

CCNOT =
~ O 01

00 18



⑫

written in the basis (d) = 1) , (i) = 11

and ( = 100 · / = 101 , (2) = 1203,

() = 11.) .
#adamand : H(0) = E (10) + 11)

H /13 = E((0) - (1)

Control NOT CNOT 100) = 100)
-

(Nor101) = 101)
CNOT 110) = 111)

CNOT 1 1 1 ) = 110 7

hem (Nor1b
, b) = 1 b

, beb , )
-

XX tanget bit is
antol bit hangetbit flipped if

canhol is b = 2.

Ramenk : of course these malrica extend to act
u

on any stale by linearity.



⑬

=ementary circuit representation

imput

-> l]--
out

10) - 112 (0) + 3(1) c Vz

-

= (0)

1b
, >

1
CNOT

and mar generally :

impat output
-

-

&

--T I

Edijli , j) I
j =0 ( ->- j



&

-SaretiaofBifran=l
1 Bij) = (CNOT) (Hot) (i) (j)

sexencifa)

The circuit representation is then :

(1)->
I i1) i

imput u CNOT
output

H1 -

[It is the combination of H & CNOT

which entangle the no pubits]



⑮

2Bell basis measurements
.

Suppose me want to measure in a

Bell basis /Book
,
1Boi

,
1 Bob

,
1 B1

but we only have a measurement apparatus

tat measures in the computational basis

1003
,
101)

,
1103
,
11

↑

this could be two "analyzer-defector
boxe, "

zintz
seadprot

dia

mo clia

↑Videa is to implement a bischange

bethemeasurement with the computation boris.



⑯

Recoll :

IBij) = (ot) (en) (2) /2) .

Now when you measure you project an

input state 14] as :

Cap to nomalization)
-

& (Bij) <Bij 14
registe Tij

11 Il

projection an

(Bijh
Note that this is equal to :

Canot) Hetlij) (ij) Hen) Cot 14) .

--

projecte on campbasis unitary acting on

imput state
.

Theit is enough to plement the operation :

(11j) (ijl)(1) Not 143



⑰

hen est

Esummary :
-

Il is equivalent

↳

Bell basis

Measurement

+- DE
I
+o+-D

Computational
besis Measurements

*


